In this paper, we construct a new hybrid projection method for approximating a common element of the set of zeroes of a finite family of maximal monotone operators and the set of common solutions to a system of generalized equilibrium problems in a uniformly smooth and strictly convex Banach space. We prove strong convergence theorems of the algorithm to a common element of these two sets. As application, we also apply our results to find common solutions of variational inequalities and zeroes of maximal monotone operators. MSC: 47H05; 47H09; 47H10
Introduction
Let E be a Banach space with the norm · and let E * denote the dual space of E. Let S = {x ∈ E : x = } be the unit sphere of E. A Banach space E is said to be smooth if the limit
exists for any x, y ∈ S. E is said to be uniformly smooth if the limit (.) is attained uniformly for (x, y) in S × S. A Banach space E is said to be strictly convex if x+y  <  for all x, y ∈ E with x = y =  and x = y (see [] for more details).
One of the major problems in the theory of monotone operators is as follows. Find a point z ∈ E such that http://www.journalofinequalitiesandapplications.com/content/2013/1/247
Let C be a nonempty closed convex subset of E and let R be the set of real numbers. Let f i : C × C → R be a bifunction and A i : C → E * be a nonlinear mapping for i = , , , . . . , N .
The system of generalized equilibrium problems is as follows.
Find u ∈ C such that for all y ∈ C, Find u ∈ C such that f (u, y) + y -u, Au ≥ , ∀y ∈ C.
(  .  )
The generalized equilibrium problems include fixed point problems, optimization problem, monotone inclusion problems, saddle point problems, variational inequality problems, minimization problems, vector equilibrium problems, Nash equilibria in noncooperative games and equilibrium problems as special cases (see, for example, [] ). Also, some solution methods have been proposed to solve the equilibrium problem (see, for example, [-] ) and numerous problems in physics, optimization and economics reduce to finding a solution of problem (.).
Recently, Li and Su [] introduced the hybrid iterative scheme for approximating a common solution of the equilibrium problems and the variational inequality problems in a -uniformly convex real Banach space which is also uniformly smooth. In , Zegeye and Shahzad [] introduced the iterative process which converges strongly to a common solution of the variational inequality problems for two monotone mappings in Banach spaces.
Quite recently, Shehu [] introduced an iterative scheme by the hybrid method for approximating a common element of the set of zeroes of a finite family of α-inverse-strongly monotone operators and the set of common solutions of a system of generalized mixed equilibrium problems in a -uniformly convex real Banach space which is also uniformly smooth.
Motivated by the results of Shehu [], we prove some strong convergence theorems for finding a common zero of a finite family of continuous monotone mappings and a solution of the system of generalized equilibrium problems in a uniformly smooth and strictly convex real Banach space with the Kadec-Klee property.
Preliminaries
Throughout this paper, let E be a Banach space with its dual space E * . For a sequence {x n } of E and a point x ∈ E, the weak convergence of {x n } to x is denoted by x n x and the strong convergence of {x n } to x is denoted by x n → x.
The normalized duality mapping J : E →  E * is defined by
where ·, · denotes the duality pairing. 
where J is the normalized duality mapping from E to  E * .
It is obvious from the definition of the function φ that
Remark . If E is a reflexive, strictly convex and smooth Banach space, then, for any Let C be a nonempty closed convex subset of a reflexive, strictly convex and smooth Banach space E. The generalized projection C : E → C is a mapping that assigns to an arbitrary point x ∈ E the minimum point of the functional φ(x, y), that is, C x =x, wherē x is the solution to the minimization problem
The existence and uniqueness of the operator C follows from the properties of the functional φ(y, x) and the strict monotonicity of the mapping J (see, for example, [, -]). If E is a Hilbert space, then C becomes the metric projection of E onto C.
Example . (Qin et al. []) Let C be the generalized projection from a smooth strictly convex and reflexive Banach space E onto a nonempty closed convex subset C of E. Then C is a closed relatively quasi-nonexpansive mapping from E onto C with F( C ) = C.
We also need the following lemmas for the proof of our main results. 
Let E be a smooth strictly convex and reflexive Banach space, C be a nonempty closed convex subset of E and B ⊂ E × E * be a monotone operator satisfying the following:
J λ is a single-valued mapping from E to D(B). For any λ > , the Yosida approximation 
Lemma . (Rockafellar []) Let E be a reflexive strictly convex and smooth Banach space. Then an operator B ⊂ E × E * is maximal monotone if and only if R(J
For solving the equilibrium problem for a bifunction f : C × C → R, assume that f satisfies the following conditions: (A). Then, for any r >  and x ∈ E, there exists z ∈ C such that
Lemma . (Takahashi and Zembayashi []) Let C be a closed convex subset of a uniformly smooth strictly convex and reflexive Banach space E and let f be a bifunction from C × C to R satisfying the conditions (A)-(A). For any r >  and x ∈ E, define a mapping T r : E → C as follows:
Then the following hold: () T r is single-valued; () T r is a firmly nonexpansive-type mapping for all x, y ∈ E, that is,
T r x -T r y, JT r x -JT r y ≤ T r x -T r y, Jx -Jy ; () F(T r ) = EP(f ); () EP(f ) is closed and convex.
Lemma . (Takahashi and Zembayashi []) Let C be a closed convex subset of a smooth, strictly convex and reflexive Banach space E, f be a bifunction from C × C to R satisfying the conditions (A)-(A) and let r > . Then, for any x ∈ E and p ∈ F(T r ),
Lemma . Let C be a nonempty closed convex subset of a smooth, strictly convex and reflexive Banach space E. Let A : C → E * be a continuous monotone mapping and f be a bifunction from C × C to R satisfying the conditions (A)-(A). Then, for any r >  and x ∈ E, there exists z ∈ C such that
Proof Define a bifunction :
We show that satisfies the conditions (A)-(A). First, we show that satisfies the condition (A). Since
the condition (A) is satisfied. Next, we show that satisfies the condition (A). Since A is a continuous monotone mapping and f satisfies the condition (A), for any x, y ∈ C, we have
So, the condition (A) is satisfied. http://www.journalofinequalitiesandapplications.com/content/2013/1/247
Thirdly, we show that satisfies the condition (A). Since f satisfies the condition (A) and A is a continuous monotone mapping, for any x, y, z ∈ C, we have
The condition (A) is satisfied.
Finally, we show that satisfies the condition (A) since y → y -x, Ax is convex and continuous; that is, y → y -x, Ax is convex and lower semi-continuous. Since y → f (x, y) is convex and lower semi-continuous, y → (x, y) is convex and lower semi-continuous.
Therefore, (x, y) satisfies the conditions (A)-(A). From Lemma ., we can conclude that there exists z ∈ C such that
This completes the proof.
Lemma . Let C be a nonempty closed convex subset of a smooth, strictly convex and reflexive Banach space E. Let A : C → E * be a continuous and monotone mapping and f be a bifunction from C × C to R satisfying the conditions (A)-(A). Then, for any r >  and x ∈ E, there exists z ∈ C such that
Define a mapping K r : C → C as follows:
Then we have the following: () K r is single-valued; () K r is firmly nonexpansive, i.e., for all x, y ∈ E,
From Lemma ., it follows that satisfies the conditions (A)-(A). Now, we can rewrite the mapping K r : C → C given in (.) as follows:
Thus, from Lemmas . and ., we obtain the conclusion. This completes the proof.
Throughout this paper, we define a mapping
where i (z, y) = f i (z, y) + y -z, A i z for all z, y ∈ C and i = , , , . . . , m. 
Main results

Theorem
For arbitrary x  ∈ C and C  = C, generate a sequence {x n } by
where {r i,n } ⊂ [a, ∞) for some a >  for all i = , , . . . , m and lim inf n→∞ λ j,n >  for all j = , , . . . , l. Then the sequence {x n } converges strongly to a point p ∈ F, where p = F x  .
Proof We split the proof into five steps as follows.
Step . We first show that C n+ is closed and convex for all n ≥ . Clearly, C  = C is closed and convex. Suppose that C n is closed and convex for all n ≥ . Since, for any z ∈ C n , we know that φ(z, u n ) ≤ φ(z, x n ) is equivalent to the following:
Thus C n+ is closed and convex for all n ≥ .
Step . We show that F ⊂ C n for all n ≥  and {x n } is well defined. Since F ⊂ C  =C, suppose that F ⊂ C n for some n ≥ . Let q ∈ F, from Lemma . and Lemma ., we have that
This shows that q ∈ C n+ , which implies that F ⊂ C n+ . Hence F ⊂ C n for all n ≥ . This implies that the sequence {x n } is well defined.
Step . We show that lim n→∞ u n -x n =  and lim n→∞ Ju n -Jx n = . By the definition of C n+ with x n = C n x  and x n+ = C n+ x  ∈ C n+ ⊂ C n , it follows that
that is, {φ(x n , x  )} is nondecreasing. By Lemma ., we get
This implies that {φ(x n , x  )} is bounded and so lim n→∞ φ(x n , x  ) exists. In particular, by (.), the sequence {( x n -x  )  } is bounded. This implies {x n } is also bounded. So, {z n } and {u n } are also bounded. Since E is reflexive and C n is closed and convex, without loss of generality, we may assume that there exists p ∈ C n such that x n p. Since x n = C n x  , we have
On the other hand, since
it follows that
This implies that lim n→∞ φ(x n , x  ) = φ(p, x  ). Hence we get x n → p as n → ∞. In view of the Kadec-Klee property of E, we obtain Now, we claim that Ju n -Jx n →  as n → ∞. By the definition of C n x  , it follows that
Since lim n→∞ φ(x n , x  ) exists, we obtain
Since J is uniformly norm-to-norm continuous on bounded subsets of E, it follows that
This implies that { Ju n } is bounded in E * . Note that E is reflexive and E * is also reflexive, we can assume that Ju n x * ∈ E * . Since E is reflexive, we see that J(E) = E * . Hence there exists x ∈ E such that Jx = x * , and we have
Taking lim inf n→∞ on both sides of the equation above, in view of the weak lower semicontinuity of the norm · , it follows that
From Remark . we have p = x, which implies that x * = Jp, and so 
From (.), (.) and the Kadec-Klee property of E, it follows that
Since J is uniformly norm-to-norm continuous on bounded subsets of E, we obtain
Step . We show that p ∈ F := (
. From (.), (.) and (.), it follows that for any q ∈ F,
x n for each j = , , . . . , l and  n = I. We have that z n = l n x n for all n ≥ . From Lemma .(), it follows that
Taking limit as n → ∞ on both sides of the inequality, we have
This implies that { Jz n } is bounded in E * and E * is reflexive, we can assume that Jz n z * ∈ E * . In view of J(E) = E * , there exists z ∈ E such that Jz = z * , and so
Taking lim inf n→∞ on both sides of the equality above and in view of the weak lower semicontinuity of the norm · , it follows that
From Remark ., we have p = z, which implies that z * = Jp and so Jz n Jp ∈ E * . From (.) and the Kadec-Klee property of E * , we have Jz n → Jp as n → ∞. Note that J - is norm-weak * -continuous, that is, z n p. From (.) and the Kadec-Klee property of E, we have
For any q ∈ F, we note that
Thus it follows from x n -u n →  and Jx n -Ju n →  that 
From (.) it follows that φ( For any t ∈ [, ] and y ∈ C, let y t = ty + ( -t)p. Then we get y t ∈ C. From (.) it follows that for each i = , , . . . , m,
By the conditions (A) and (A), for each i = , , . . . , m, we have
From the condition (A), we get
Taking t →  in the equality above, for each i = , , . . . , m, we have
l n x n for each n ≥ . For any q ∈ F, it follows that for each j = , , . . . , l,
By Lemma . we have, for j = , , , . . . , m,
Since x n → p and z n → p as n → ∞, we get φ(
Since x n → p , we also have This implies that for each j = , , , . . . , m, { j n x n } is bounded and E is reflexive, without loss of generality, we assume that j n x n k. We know that C n is closed and convex for each n ≥ , it is obvious that k ∈ C n . Again, since
taking lim inf n→∞ on both sides of equality above, we have
That is, k = p, ∀j = , , , . . . , l, it follows that Letting n → ∞ in the inequality above, we get w -p, w * ≥ . Since B j is maximal mono-
Step . We show that p = F x  . From x n = C n x  , we have Jx  -Jx n , x n -z ≥  for all z ∈ C n . Since F ⊂ C n , we also have Jx  -Jx n , x n -y ≥ , ∀y ∈ F, and so, taking limit n → ∞, we get
Therefore, by Lemma ., we can conclude that p = F x  and x n → p as n → ∞. The proof is completed.
If i =  and j = , we have the following. 
where {r n } ⊂ [a, ∞) for some a >  and lim inf n→∞ λ n > . Then the sequence {x n } converges strongly to a point p ∈ F, where p = F x  .
Applications
In this section, we apply our result to find a common solution of the variational inequality problems and zeros of the maximal operators. We need the following lemma for our result, which is a special case of Lemmas . and . of [] . 
Then we have the following: 
